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Moments of the
Montroll-Weiss Continuous-
Time Random Walk for

Arbitrary Starting Time
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The generalized version of the Montroll-Weiss formalism for continuous-
time random walks is employed to show that some of the asymptotic results
for large times appropriate to the ordinary walk become exact when the
start of the observations is arbitrary.
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The Montroll-Weiss equation® in its original form is appropriate to a
continuous-time random walk in which it is certain that at time ¢ = O the
particle just hops into its “initial location.” An attempt to generalize it to a
situation where it is simply at its initial location at ¢ = 0 has been made by
Tunaley®® by including the effect of a first waiting time distribution H(r).
However, the result presented is incorrect® and, using the notation in Ref. 2
together with the fact that

PN =0} = 1 — H(t) 1
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Eq. (4) in Ref. 2 should read for the generalized version

_ 1= hs) + MRY(HG) — s)
P8 = ST 2m90)) @

[This now makes p(k, s) consistent with the generalized walk over random
sites of Tunaley®.] Clearly when A(t) = () the simple M-W form is
recovered.

Asymptotic forms for the moments have been derived by Shlesinger®
and for the actual distribution by Tunaley.”® The scaling procedure in the
latter is unaffected by the above change and since lim, . A(k/a) = 1, the
asymptotic distributions which have been derived are also unchanged.

For arbitrary starting times it is necessary to express A(s) in terms of
#(s). To accomplish this, we can note that in the M-W formalism the waiting
times are independent of the individual jump vectors so that the hops form a
sequence of events which is a simple renewal process. For such a process
Feller™™ shows that if the process has been evolving for an infinite time
beforehand,

h(s) = [1 — ¢(s)]/es ©)

where « is the mean sojourn time, which is supposed to be finite. It has been
argued ® that this choice of A(s) does not include the effects of the site location
and that what is required is A(s, r;) say, where r; is the position vector of the
starting location. Thus an examination of the following joint probability is
required:

P{particle is located at site with vector r; at ¢t = 0 and
makes first jump in interval (¢, ¢ + dt)}
= P{makes first jump in dt|at r; at t = 0}
x P{atr; at t = 0} 4

However, in physical terms all sites have the same properties so that the first
term on the rhs should not be a function of r;.®® Of course this may not be true
in reality if the M-W walk is used as an approximation to more complex walks
such as that employed by Scher and Lax®in the theory of ac conductivity.

The moments may be calculated using Shlesinger’s method. It is easily
shown that the Laplace transform with respect to time of the mean displace-
ment is given by

$x(s)> = ph(s)/s(l — $(s)) ®)

[here A(s) replaces Shlesinger’s (s) in the numerator] and the variance by

Varts0) = 27 + () | - {2 ) ©
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Using Eq. (3) with finite «, we find
x(t)) = ptfa Q)

and for symmetric walks (1 = 0)

{x%(t)y = Var(x(?)) = o%t/a 8)

Equations (7) and (8) are in fact the asymptotic results for the ordinary M-W
walk: With arbitrary starting time they hold exactly for all # > 0.

On the other hand, when the walk is asymmetric so that u # 0 the
asymptotic results do not appear to become exact, except in the trivial case
where (¢) is an exponential density.

When the mean sojourn time is infinite it becomes difficult to express
A(s) in closed form. The discussion in Ref. 2 is still appropriate.
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